Numerical simulations are performed to study the transition of the development of thermal boundary layer of air along isothermal heated plates in a large channel. In particular, the aim is to investigate the effects of the channel width on the transition of the flow under various plate temperatures. Realizable k-ε turbulence model with an enhanced wall function is employed to obtain the numerical simulations of flow and thermal fields in the channel. The channel width is varied from 0.04 m to 0.45 m and the numerical results of the maximum values of flow velocity, turbulent kinetic energy are recorded along the flow to examine the critical distance of the developing flow. Effects on the transition of the two different types of wall boundary conditions, isothermal and adiabatic, applied to the channel are also examined. The results particularly indicate that the flow transition in the isothermal cases takes later than that in the adiabatic cases.
NOMENCLATURE

Introduction
Over the recent years, more attention has been given to the natural convection as it naturally occurs in environment systems. Moreover, most practical and economical methods for developing a heating or cooling system use natural convection which is induced by buoyance forces with density gradient established thermally.
In 1942 the first experimental work on the buoyancy driven convection flow in a parallel walled vertical channel was done by Elenbaas [1] using air as a test fluid. Results were presented for a set of inclination angles of the plate varying from 0˚ to 90˚, and particular attention was given to the prediction of heat transfer coefficient. A good agreement was obtained between the theoretical and experimental data. One of his key findings was that the solution on the single plate would have to be approached for large plate spacing. Bodia and Osterle [2] later performed the first numerical simulation of buoyancy induced flow developing on a vertical channel. The governing equations were expressed in finite difference form and the walls were treated as isothermal. The air flow velocity and heat transfer coefficient were provided and validated with those of the theoretical and experimental data of Elenbaas [1] . Later, the numerical techniques of Bodia and Osterle [2] were widely used by many researchers to solve the free convection in vertical channel with different boundary and operating conditions, e.g. see the work presented in Miyatake and Fujii [3] , Aung et al. [4] and Oosthuzien [5] .
Streamwise development of the turbulent free convection flow between two vertical plates was experimentally investigated by Miyamoto et al. [6] and Katoh et al. [7] . The test fluid in this case was also air and different width of the channel was examined. In Miyamoto et al. [6] the channel was installed at various height from floor, e.g. 10, 90, 170 and 465 mm. The experimental data demonstrated that the heat transfer coefficients in the vertical heated plate of over 2 m long are almost independent to the height of the channel when it is positioned 10 mm above the floor. While, in Katoh et al. [7] a bell mouth was installed at the bottom of the channel, and for the heat transfer the comparison between the channel with a bell mouth and without it was done. The results showed that the heat transfer becomes smaller in the two cases.
Two-dimensional numerical simulations of turbulent natural convection in a heated channel were performed by Said et al. [8] and Badr et al. [9] . The governing equations were solved by the finite volume discretisation method by assuming all the thermal properties of the air to be constant, except the density which was solved by the Boussinesq approximation.
In another recent study, thermal efficiency of flow in a vertical chimney (open ended channel) has experimentally been investigated by Burek and Habeb [10] . From the experimental data some correlations have been obtained to calculate the mass flow rate of air as well as temperature. The major finding has been that the mass flow rate is affected by both the channel depth and heat input to the system with the thermal efficiency remaining unaffected by the depth of the channel. Taofeek et al. [11] , on the other hand, have used a Particle Image Velocimetry method to record turbulent characteristics of free convection in a channel with anti-symmetric heating. The data has been provided for two values of Rayleigh number, 1×10 8 and 2×10 8 . The results indicated that the distributions of the velocity and temperature of the flow in this experimental model of the vertical channel are similar to those in a closed cavity. And, with increasing the Rayleigh number by 50%, the location of peak velocity moves close to the surface wall, which has close agreement with data recorded in a closed cavity.
As seen, all these experimental or numerical studies mainly focused on the investigation of the behaviour and characteristics of free convection flow inside a channel under different boundary and operating conditions. And most of them were carried out either on laminar or turbulent flow and hence neglected transition. But most recently Alzwayi and Paul [12] and Alzwayi and Paul [13] provided numerical results on the flow transition inside a channel where one of the heated plates in the channel was kept isothermal and the other one, placed opposite to it, was adiabatic. However, very little is known about the transition stage in a vertical channel when the two heated plates are kept under an isothermal condition. Moreover, when free convection occurs relatively in a large scale, little reliable information can be obtained from an experimental / laboratory based experiment, and in some cases undertaking various experimental tests e.g. with varying the channel width and operating as well boundary conditions may be difficult and a costly process. The key objective of this work is therefore to perform a series of numerical examination to investigate the natural convection flow developing between two isothermal plates and then examine the transition of this flow with a particular attention paid to the interaction which will occur between the thermal boundary layers separating from each heated plate. Furthermore, effects on the transition stage occurring between the two-flow conditions of a channel (isothermal and adiabatic) are also investigated.
Model Geometry
The channel is formed by two vertical plates with length L, and the distance separating them is denoted by b. Both the plates (left and right) are kept at an isothermal condition. The numerical simulations are considered to be two-dimensional, incompressible, Newtonian, free-convection and steady state. The air with a Prandtl number of 0.7 is chosen to be the test fluid. The model geometry along with the Cartesian coordinate system is shown Figure 1 which has the same schematic drawing as in Alzwayi and Paul [12] .
Mathematical Formulation 3.1. Governing Equation
The conservation equations of mass, momentum and energy for a two-dimensional incompressible fluid flow are respectively written in the following forms: These equations are solved directly (subject to the boundary conditions described below) for the natural convection flow in laminar region, while in turbulent region both the Γ and µ terms are replaced by their effective values defined by µ eff = µ + µ t and Г eff = µ/Pr + µ t /σ t respectively. In the recent study, Alzwayi and Paul [12] have examined that the Realizable k-ԑ turbulent model of Shih et al. [14] performs best in predicting the transition of the free convection flow over a vertical channel, compared to the other two well-known models such as the standard and RNG k-ԑ models. Therefore, this model is particularly chosen in the present study to determine the turbulent viscosity µ t which depends on the turbulent dissipations energy, ε, and the turbulent kinetic energy, k. The turbulent viscosity µ t , also known as the eddy viscosity of turbulent flow, depends on the mean flow rate of the deformation from the Boussinesq theory. A time averaging is carried out to the above governing equations (1) - (4) to obtain the Reynolds averaged Navier-Stokes (RANS) equations which are solved by using the Realizable k-ԑ model. However, these equations contain unknown Reynolds stresses which are expressed as the deformation of the mean flow quantises, for example, for the momentum equations these can be written as + ,-= −(. , The formulation of U * and W depend on the angular velocity [14] , and G k and G b reflect the rate and generation of the turbulent kinetic energy respectively and determined by 
Boundary Conditions
No slip boundary condition is imposed on the velocity components at the both walls for which we set u i = 0. The temperature (Tp) of the heated plate situated on the left hand side of the channel will be fixed to 70°C, while the temperature of the plate opposite to it will be varied according to the boundary condition described in equation (8) . Moreover, the air / ambient temperature (Ta) will be fixed to 15°C.
Turbulent kinetic energy vanishes at the walls so we set k = 0. Since the distributions of the characteristics of flow have a large gradient near the walls, an enhanced wall function is also used as the wall boundary condition. Moreover, the inlet boundary is subject to the ambient conditions, while at the outlet the static gauge pressure is set to zero. The choice of these boundary conditions used at the inlet and outlet of the channel was examined through a set of trial simulations using a large area attached to the inlet as well as to the outlet of the channel (as in the recently published work of Terekhov and Ekaid [15] and Lau et al. [16] ). Figure 2 clarifies that the induced flow velocity distribution close to the inlet (y =0.09m) differs due to the large area added before the inlet. But, the effect almost disappears as the flow develops along the large channel. The development of thermal boundary layer, as evidence by the temperature plots in the frames right hand side of the figure, shows no (major) influence when the large area was added to the inlet. It was understood from this investigation that the induced flow in a tall vertical channel hardly changes except very close to the inlet section, which is expected.
We note that the effect of different boundary conditions in a large channel was investigated both experimentally and numerically by Katoh et al. [7] and Ben-Mansour et al. [17] . Katoh et al. [7] installed a bell mouth entrance at the channel inlet to control the inlet flow and their results indicated that the general characteristics of the profiles of temperature and vertical velocity are similar to those obtained by without the bell mouth. Whereas Ben-Mansour et al. [17] studied the effect of four different inlet and outlet boundary conditions (e.g. uniform pressure at the inlet and outlet, extended inlet and extended outlet, radial flow inlet and radial flow outlet, and uniform velocity at inlet and outflow condition at exit). Their results also showed that the uniform pressure inlet condition exhibits results which are in very close agreement with experimental data.
Numerical techniques and grid resolution study
The numerical methods used to solve the governing equations have already been described in more details in Alzwayi and Paul [12] and validated with suitable experimental data in a vertical heated channel. The code uses finite volume technique for the discretisation of the governing equations with a second order upwind scheme to solve these discretised equations, where the unknown quantities at the cell faces are computed by using a multidimensional linear reconstruction approach described in Barth and Jespersen [18] to achieve higher order at the cell faces through a Taylor series expansion of the cell cantered solution about the cell centroid. The SIMPLE algorithm of Patankar [19] is employed to solve the pressure based equation which is derived from the momentum and continuity equations such that the velocity and pressure fields are coupled to each other and solved by adopting an iterative solution strategy explained in [12] . Final converged numerical solutions are achieved when the residuals of the continuity and velocity components become less than 10 -6 . The residual of the energy, turbulent kinetic energy and its dissipation is reduced to 10 -8 to avoid any sensitivity to the solutions of the turbulent fluctuating components.
An in-depth investigation on the grid resolution has been carried out by using six different grids (22 × 220, 30 × 370, 120 × 370, 200 × 370, 300 × 370 and 200 × 400) with a fine resolution of mesh clustered at the middle of the channel as presented in Figure 3 . The variation found in the simulation results predicted by the last four grids was very small and almost negligible. Therefore, as in the previous studies, e.g. Alzwayi and Paul [12] and Alzwayi and Paul [13] , the grid size of 200 × 370 is chosen to avoid any undesirable discrepancies in the numerical results and at the same time to save the computational time to perform all the numerical simulations. In the first case, the plate located at the right hand side of the channel is kept at a temperature Tp* = 40°C and the inlet temperature is fixed at 15°C. Variation of the heated air temperature, determined by dT = (T-Ta)/(Tp-Ta)) and presented in Figure 4 , shows an increase in the temperature due to the air heated up by the heat transfer which convects downstream of the channel. However, the outlet temperature of the channel drops as the width of the channel is increased due to the fact that the thermal boundary layer grows in a wider space available inside the channel. And the temperature difference between the outlet and the inlet becomes very small with an increase in the channel width as shown in Figure 4 (e, f). However, when b ≥ 0.08 m, the temperature around the channel centreline (e.g. at x = b/2) and at the middle of the channel (y = 1.5 m) becomes equal to the ambient temperature as a result of the more space available for the development of flow.
Results and discussions
Distribution of the turbulent kinetic energy is reported in Figure 5 . The magnitude of the turbulent kinetic energy at b = 0.04 m is larger compared to that found in the other cases except at the outlet section for b = 0.3 m, which is a result of the strong interaction of the two boundary layers developed in a relatively small space inside the channel. In all the cases, the peak of the turbulent kinetic energy near the right wall of the channel at y = 0.5 m is larger than that occurring at the left wall. The phenomena are explained by the fact that the magnitude of the velocity (shown in Figure 6 ) adjacent to the right plate drops, which causes a flow deceleration and results in an increase in the turbulent kinetic energy near the right wall. But with an increase in the width of the channel, e. g. when b ≥ 0.1 m, the effect of the buoyancy force on the left wall becomes more evident, where the turbulent kinetic energy reaches its peak near the left wall of the channel.
The variation of the velocity across the channel is shown in Figure 6 . As can be seen, with an increase in the channel width the mean velocity of air drops across the channel. The velocity profiles at the inlet section are more affected by the high viscous force compared to the buoyancy force near the heated plate, and the velocity profiles at the downstream (0.5 m ≤ y ≤ 1.5 m) become flat in the middle of the channel.
Further to note in Figure 6 (a-d) that the peak of the outlet velocity in a small width of the channel, e.g. when 0.04 m ≤ b ≤ 0.1 m, it is found to be slightly lower than that at the middle of the channel (at y = 1.5 m). This is occurring due to the fact that the flow starts to development in the middle of the channel and the buoyancy force accelerates the fluid inside the channel with an increase in the thickness of the two boundary layers in a small space, which leads to decrease the velocity at the outlet section.
Effects of the boundary conditions
In the previous section typical results of the flow velocity and temperature have been presented and discussed, where the effect of the channel width has been investigated for a particularly chosen plate temperature, Tp* = 40°C. This temperature will now be changed to 70°C and the results will be compared with those obtained by Tp* = 40°C as well as by the adiabatic case studied in Alzwayi and Paul [12] . As already seen in Figure 7 , the velocity profile has been mostly affected by the buoyancy force, with a peak appeared near each of the heated plates.
In this section we will focus on the examination of the velocity peak particularly at y = 1.5 m and 3 m. Only the velocity peak near the left heated wall is used, as in the adiabatic case we obtained a single velocity peak (e.g. see Alzwayi and Paul [12] ). We also note that the value of the two velocity peaks on the two channel sides in the isothermal case of Tp* = 70°C is equal. Figure 7 shows the value of the peak velocity profiles and its location obtained by the three different boundary conditions: Tp* = 40°C, Tp* = 70°C and adiabatic. Figure 7 (a) generally shows a larger variation in the peak velocity at y = 1.5 m than that at the outlet section due to the flow developing in the middle of the channel. In the channel outlet, Figure 7 (b) shows that the variation only appears for the small channel width when b ≤ 0.1 m. In addition, the velocity peaks for the two isothermal cases are same because the flow becomes fully developed at the outlet section, but they are still larger than those for the adiabatic case in the range of channel width b ≥ 0.15 m due to the buoyancy force which is higher in the isothermal cases than that in the adiabatic case.
The location of the velocity peak is also presented in Figure 7 (c, d) . It is clearly seen that the peak velocity of the flow appears to move towards the heated plate when the channel width is increased. In addition, the peak velocity in the adiabatic case becomes very close to the heated wall compared to that in the isothermal cases. However, the velocity peaks at y = 3.0, Figure 7 (d), moves nearer the heated plate compared to y = 1.5 m in Figure 7 (c) since the flow is fully developed at the outlet of the channel.
The air velocity and temperature at the outlet are now summarised in Figure 8 . In order to make a direct comparison of these with those obtained by the adiabatic case, a percentage of increment is calculated by using dv inc = (v out iso -v out adi )/( v out adi )*100 for the velocity magnitude. The same approach is used for the determination of temperature increment. As can now be seen in Figure 8 (a) that the outlet velocity grows with the channel width for the isothermal cases as a result of an increase in the buoyancy force in the convection flow. But, after reaching a peak at around b = 0.3 m, the velocity drops for the large width of the channel. The air velocity has an impact on the flow temperature and the results plotted in Figure 8 (b) show an opposite effect, i.e. the added heated temperature drops with the channel width to a minimum followed by an increase for the large width.
Boundary layer growth: isothermal vs. adiabatic cases
Effect of the width of the channel on the growth of the boundary layers along the flow is summarised here with the distributions of the maximum velocity, turbulent kinetic energy and turbulent intensity determined by using ) , ( ) (
, where f is a generic variable, and plotted in Figure 9 . Comparison is made between the results of the adiabatic and isothermal cases, and the temperature of the plate on the right hand side of the channel for the isothermal case is kept at Tp * = 40°C.
The results presented in Figure 9 indicate that the velocity magnitude in the isothermal case is generally higher than that of the adiabatic case due to the increase in the buoyancy force .06 m, the kinetic energy in the isothermal case is larger than that of the adiabatic case, which is expected as in the isothermal case there is a strong interaction occurring between the two boundary layers within a relatively small distance. However for b ≥ 0.10 m, the distribution of the kinetic energy in the adiabatic case is larger than that of the isothermal case due to the fact that a single boundary layer which grows in the adiabatic case gets enough space in the channel to develop fully, whereas in the isothermal case an interaction between the two boundary layers occurs.
The distribution of the turbulent intensity presented in Figure 9 (e, f) has a similar profile as the turbulent kinetic energy. When b ≥ 0.1 m, the turbulent intensity in the isothermal case is smaller than that of the adiabatic case. The turbulent intensity also increases sharply towards the downstream, especially at the outlet of the channel, due to the turbulent nature of the flow occurring at the downstream regime.
Contours of the turbulent kinetic energy, turbulent intensity and velocity inside the channel are shown in Figure 10 To make a direct comparison between the adiabatic and isothermal cases the contours are plotted pairwise in frames (a, c, e, g, i, k) for the adiabatic cases and in (b, d, f, h, j, l) for the isothermal cases. In general, the contour plots show that the maximum turbulent kinetic energy and its turbulent intensity in the isothermal cases dropped by 41% and 20% respectively compared to the adiabatic cases. This is related to the interaction occurring between the two boundary layers in the isothermal case, clearly seen in frames (h, j and l) when b ≥ 0.2 m. While in the adiabatic case only one boundary layer grows on the left hand side with an ample space to fully develop as seen in frames (i) and (k).
Flow transition
As seen in Figure 10 (A), (B) and (C) the boundary layer in the isothermal cases grows on the both sides of the channel and a separation / transition occurs from the laminar to turbulent stage towards the channel downstream. In this section the transition behaviour will be examined by taking into account of the distribution of the maximum velocity on the left (0 ≤ x ≤ b/2) and right (b/2 ≤ x ≤ b) hand sides of the channel. Figure 11 (a) and (b) initially show the maximum velocity field obtained in the left and right side domains, where the temperature of the heated plates is kept as 70°C and 40°C respectively. The maximum velocity on both sides of the channel is same at the upstream near the inlet where the effect of the buoyancy force on the velocity field is expected to be similar.
As the distribution of the peak velocity is considered to be a starting point of the flow transition, Figure 11 (a) shows that the transition point of the flow developing on the left hand side of the wall for the cases when b ≤ 0.10 m appears to be within the range 1.0 ≤ L c ≤ 1.8 m. However, the distribution of the velocity on the right hand side has a different behaviour, which shows a continued drop in magnitude after a slight increase near the inlet when b ≤ 0.1 m due to the strong interaction occurred between the two boundary layers, already explained in Figure 10 (b-d). These results are however unable to determine the transition point on the right hand side and it is still more affected by the left hand side of the channel wall.
However, Figure 11 (b) shows that the velocity in the right wall increases to a peak at the transition point when b ≥ 0.15 m because there is now enough space available for the development of flow. However, the location of the flow transition point on the right side is higher than that on the left side. Moreover, the thickness of the boundary layer on the right hand side is small and the flow becomes more stable which causes a delay in the transition process.
Finally, the transition of the flow boundary layers on the left and right hand sides of the channel are summarised in Figure 12 in terms of their critical distance obtained from the velocity results shown in Figure 11 . Comparison of the two isothermal and the adiabatic cases is also given.
As can be noticed in Figure 11 (a) that it is very difficult to estimate the transition point on the right hand side of the channel with a small width e.g. when b ≤ 0.08 m due to the strong interaction occurred between the two boundary layers (Figure 10 (b) ). However, with an increase in the channel width, e.g. when b ≥ 0.1 m, the transition on the right side wall appears late compared to that in the left hand side; this is expected as the temperature in the right side is lower than that of the left side. Also, when Tp* = 70°C both the sides of the channel are kept at under the same isothermal condition, and that is why only the results obtained from the right side of the channel are reported in the comparison. Further, with an increase in the channel temperature, the flow inside the channel becomes unstable early as the critical distance drops and therefore an early transition occurs. Particularly, for a relatively small channel width, e.g. when b = 0.04 m, the transition of the flow appears to be very quick.
Conclusion
Effects of the wall temperature of the parallel-plate channel and its width on the developing free-convection flow have been investigated numerically under the various operating and geometrical conditions. Two vertical plates of the channel are kept under the isothermal conditions, and the distance separating the two parallel plates is systematically reduced from 0. 45 m to 0.04 m to examine the flow separation, and consequently, their process of transition.
The results indicated that with an increase in the channel width, the location of the velocity peaks moved very close to the heated plate. This was particularly noticeable for the cases with relatively a small channel width.
At the transition stage, however, the results show that the flow transition in the adiabatic case takes early compared to that in the isothermal cases due to the single boundary layer which developed along the heated plate. On the other hand, a late transition occurs when the two heated plates are kept under the isothermal condition. Moreover, with an increase in the average channel temperature in the isothermal cases, the boundary layer on each side of the channel grows early and the flow becomes unstable due to the consequences of the shorter laminar region and the turbulent flow which develops early. Effects of the channel width on the velocity of air at Tp* = 40°C. 
Figure 12
Critical distance of the flow transtion inside the channel.
